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The first term is the electron mass times its acceleration and the second is a restoring

force, while the right-hand side is the force from the outside electric field. If the

electric field varies with the frequency @, Eq. (11.2) has the solution

which has a resonance at <o : c,r6. When we previously found this solution, u'e

interpreted it as saying that <,rs was the frequency at which light (in the opticar

region or in the ultraviolet, depending on the atom) was absorbed. For our
purposes, however, we are interested only in the case of constant fields, i.e., fo:
c,r : 0, so we can disregard the acceleration term in (11.2), and we find that th:
displacement is

, : -g_LE. (tt.r
mr"o

From this we see that the dipole moment p of a single atgm is

-' q"E
'x: 

^1'zo- '27'

s7ED:Q.X: - ..mri.

(11.3)

(11.5

(1t.r

(11. i -

In this theory the dipole moment p is indeed proportional to the electric field.
People usually write

P : aeoE, (1 1.5

(Again the e6 is put in for historical reasons.) The constant a is called the polariz-
ability of the atom, and has the dimensions 23. It is a measure of how easy it is t -

induce a moment in an atom with an electric field. Comparing (11.5) and (11.6

our simple theory says that
2,2q, +lre":6q: -q' (r1-

If there are iy' atoms in a unit volume, the polarization P-the dipole mome:,:
per unit volume-is given by

P:Np:NaeoE.

Putting (l 1. l) and (l I .8) together, we get

x - | : !^: tuo
eoL

or, using (11.7),

n*1: 4rNez
*r3

From Eq. (11.9) we would predict that the dielectric constant r of differe:-
gases should depend on the density ofthe gas and on the frequenc) ro6 of its opti;.
absorption.

Our formula is, ol course, only a very rough approximation, because in E:
(11.2) we have taken a model which ignores the complications of quantum n-.:-

chanics. For example, we have assumed that an atom has only one resona '

frequency, when it really has many. To calculate properly the polarizability a -

atoms we must use the complete quantum-mechanical theory, but the classi:,i
ideas above give us a reasonable estimate.

Let's see if we can get the right order of magnitude lor the dielectric consta:L

of some substance. Suppose we try hydrogen. We have once estimated (Chap::"
38, Vol. I) that the energy needed to ionize the hydrogen atom should be apprc, *

mately
- lmeaE = i.i. (1r

11-2
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To use this method we need to know the energy of a dipole in an electric fleld.

Consider a dipole of momentps in an electric field, as shown in Fig. 11-3. The

energy of the positive charge is q@(1), and the energy of the negative charge is

;AQQ). Thus the energy of the dipole is

u:qb1)-soQ):qd'Y6,

U: -po.B: -poEcos0, (1 1.14 t

where d is the angle between ps and E. As we would expect, the energy is lower

when the dipoles are lined up with the field.
We now find out how much lining up occurs by using the methods of statis-

tical mechanics. We found in Chapter 40 of Vol. I that in a state of thermal equili-

brium, the relative number of molecules with the potential energy [/ is proportiona.
to

e-ulhT )

where U(x, y,z)is the potential energy as a function of positiorl. The same argu-

ments would say that using Eq. (11.14) for the potential energy as a function c,

ctngle, the number of molecules al 0 per unit solid angle is proportional 1o ,-ul]:7 "

Letting n(0)be the number of molecules per unit solid angle at 0, we harc

n(0) : noe*noE"ouolkT

For normal temperatures and fields, the exponent is small, so we can approximai:
by expanding the exponential: \

Fig. I l-3. The energy
pe in the field E is -ps ' E.

of o dipole

(11.1-

We can find n6 if we integrate (11.17) over all angles; the result should be ju.:
ff, the total number of molecules per unit vcilume. The average value of cos 0 o\.:
all angles is zero, so the integral is just r0 times the total solid angle 4zr. We g=:

I
(11.1!

We see from (11.17) that there will be<note molecules oriented along the fie ,:
(cos 0 : 1) than against the field (cos 0 : - 1). So in any small volume contai:-
ingimany molecules there will be a net dipole moment per unit volume-that :.
a polarization P. To calculate P, we want the vector sum of all the molecu,:-
moments in a unit volume. Since we know that the result is going to be in :. :
direction of E, we will just sum the components in that direction (the cornpone :-'
at right angles to E will sum to zero):

I oo cos d;'
unit

volume

integrating over the angular distribution. T :

P

We can evaluate the sum by
solid angle at 0 is 2r sin 0 d0, so

which is easily integrated to give

P : I n\0)p,,cos d2n sin 0 cll.
JO

Substituting for n(0) from (11.17), we have

n(o) :,, (r + ^#V).

, NpBr
'- 3kr'

N
l1o : ;-'+1f

P : - + 1,," (, * n#"o, ,)oo cos o r(cos d),

(1i.

tt-4
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be zero. The field inside the slot must give a contribution which just cancels the

part from the field outside. Therefore the field ,Ee actually found in the center of
a long thin slot is equal to E, the average electric field found in the dielectric'

Now consider another slot whose large sides are perpendicular to d as shown

in part (c) of Fig. l1-5. In this case, the field Es in the slot is not the same as E

because poiarization charges appear on the surfaces. Il we apply Gauss' law to

a surface S drawn as in (d) of the figure, we find that the field E6 in the slot is

given by

En: E+P,-€o

where .E is again the electric field in the dielectric. (The gaussian surface contain:

the surface polarization charge ooor : P.) We mentioned in Chapter 10 that

e oE -l P is often called D, so €6Zs : Do is equal to D in the dielectric'
Earlier in the history of physics, when it was supposed to be very importan:

to define every quantity by direct experiment, people were delighted to discor e :

that they could define what they meant by E and D in a dielectric without havir'-:

to crawl around between the atoms. The average field E is numerically equal ::
the field Et)that would be measured in a slot cut parallel to the field. And the fie-:

D could be measured by finding Es in a slot cut normal to the field. But noboc-'

ever measures them that way anyway, so i-t was just one of those philosophic,

things.

+@ Fig. l'l -6. The field crt ony point A
in o dielectric con be considered os the
sum of the field in o sphericol, hole plus

the field due to o sphericol plug.

For most liquids which are not too complicated in structure, we could erx':
that an atom finds itself, eR the average, surrounded by the other atoms in u:,,
would be a good approximhtionto a spherical hole. And so we should ask: "\\':-.
would be the field in a spherical hole?" We can find out by noticing that i: ;-r

imagine carving out a spherical hole in a uniformly polarized material, we are -' .i

removing a sphere of polarized material. (We must imagine that the polariza:.;'r

is "frozen in" before we cut out the hole.) By superposition, however, the f-; ;
inside the dielectric, before the sphere was removed, is the sum of the fields ..;n
all charges outside the spherical volume plus the fields from the charges withir -rc

polarized sphere. That is, if we call Ethe field in the uniform dielectric, ue -,1:

write \

E : Euorc * Eot'n, (l - *

where 86o1" is the field in the hole and Epr.g is the field inside a QPhere\r'i":' i

uniformly polarized (see Fig. 1l-6). The fields due to a uniformly polarized s: - :r":

are shown in Fig. 11-7. The electric field inside the sphere is uniform, a.--: I
value is

D-Prplou:_fi r r-

Using (11.23), we get

Enor": E+!' :''
Jeo

The field in a spherical cavity is greater than the average field by the , * -,rillllr

P/3e11. (The spherical hole gives a fi,eld l/3 of the way between a slot pa:. : itrrr

the field and a slot perpendicular to the field.)

11-5 The ilielectric constant of liquids; the Clausius-Mossotti equation

In a liquid we expect that the field which will polarize an individua- ,
more like E6o1" than just E. If we use the E5o1" of (11.25) for the polarizi:; - ': '.

(tr.22)
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Fig. 1 1-7 . The electric
uniformly polorized sphere.
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Fig. 1 1-8. A complex crystol lottice
con hove o permonent intrinsic polorizo-
iion P.
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'1-9. The unit cell of BoTiO3.
':-s reolly fill up most of the spoce;
: - 'y, only the positions of their
': :;e shown.

11-6 Solid dielectrics

Now we turn to the solids. The first interesting fact about solids is that there
can be a permanent polarization built in-which exists even without applying an

electric field. An example occurs with a material like wax, which contains long
molecules having a permanent dipole moment. If you melt some wax and put a

strong electric field on it when it is a liquid, so that the dipole moments get partly
lined up, they will stay that way when the liquid freezes. The solid material will
have a permanent polarization which remains when the field is removed. Such a

solid is called an electret.
An electret has permanent polarization charges on its surfa-ce. It is the electrical

analog of a magnet. It is not as useful, though, because free charges from the air
are attracted to its surfaces, eventually cancelling the polarization charges. The
electret is "discharged" and there are no visible external fields.

A permanent internal polarization P is also found occurring naturally in some

crystalline substances. In such crystals, each unit cell of the lattice has an identical
permanent dipole moment, as drawn in Fig. 11-8. All the dipoles point in the same

direction, even with no applied electric field. Many complicated crystals have, in
fact, such apolarization; we do not normally notice it because the external fields
are discharged, iust as for the electrets.

If these internal dipole moments of a crystal are changed, however, external
fields appear because there is not time for stray charges to gather and cancel the
polarization charges. Ifthe dielectric is in a condenser, free charges will be induced
on the electrodes. For example, the moments can change when a dielectric is
heated, because of thermal expansion. The effect is calledpyroelectricily. Similarly.
if we change the stresses in a crystal-for instance, if we bend it-again the mo-
ment may change a little bit, and a small electrical effect, called piezoelectricitl'.
can be detected.

For crystals that do not have a permanent moment, one can work out a theorl
of the dielectric constant that involves the electronic polarizability of the atoms.

It goes much the same as for liquids. Some crystals also have rotatable dipoies
inside, and the rotation of these dipoles will also contribute to r. In ionic crystals

such as NaCl there is also ionic polarizability. The crystal consists of a checkerboard
of positive and negative ions, and in an electric field the positive ions are pulled
one way and the negatives the other; there is a net relative motion ol the plus and

minus charges, and so a volume polarization. We could estimate the magnitude
of the ionic polarizability from our knowledge of the stiffness of salt crystals, but
we will not go into that subject here.

11-7 Ferroelectricity ; BaTiO3

We want to describe now one special class of crystals which have, just bi
accident almost, a built-in permanent moment. The situation is so marginal that
if we increase the temperature a little bit they lose the permanent moment com-
pletely. On the other hand, if they are nearly cubic crystals, so that their moments
can be turned in different directions, we can detect a large change in the moment
when an applied electric field is changed. All the moments flip over and we get a

large effect. Substances which have this kind of permanent moment are called

ferroelectric, alter the corresponding ferromagnetic effects which were first dis-
covered in iron.

We would like to explain how lerroelectricity works by describing a particular
example of a ferroelectric material. There are several ways in which the ferro-
electric property can originate; but we will take up only one mysterious case-that
of bariurn titanate, BaTiO3. This material has a crystal lattice whose basic cell is
sketched in Fig. l1-9. It turns out that above a certain temperature, specificalli
118oC, barium titanate is an ordinary dielectric with an enormous dielectric con-
stant. Below this temperature, however, it suddenly takes on a permanent molnent.

In working out the polarization of solid material, we must first find what are

the local fields in each unit cell. We must include the fields from the polarization
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to pick out chains of ions along vertical 1ines. One of them consists of alternating

o^yg.n and titanium ions. There are other lines made up of either barium or

oxygen ions, but the spacing along these lines is greater. We make a simple model

to imitate this situation by imagining, as shown in Fig. 11-10(a), a series of chains

of ions. Along what we call the main chain, the separation of the ions is c, which

is half the lattice constant; the lateral distance between identical chains is 24.

There are less-dense chains in between which we will ignore for the moment. To

make the analysis a little easier, we will also suppose that all the ions on the main

chain are identical. (It is not a serious simplification because all the important

effects will still appear. This is one of the tricks of theoretical physics. One does

a different problem because it is easier to figure out the first time-then when one

understands how the thing works, it is time to put in all the complications.)

Now let's try to find out what would happen with our model. we suppose tha:

the dipole moment of each atom is p and we wish to calculate the field at one t':

the atoms of the chain. We must find the sum of the fie1ds from a1l the other atons

We will first calculate the field from the dipoles in only one vertical chain; we u:..

talk about the other chains later. The field at the distance r from a dipole in '
direction along its axis is given by

-12pd : 

--.

" 4re11 rz

At any given atom, the dipoles at equal distances above and below it give fields

the same direction, so for the whole chain we get

L+ ):eq+ (1r:j
64' / eo e:l

It is not too hard to show that if our model were like a completely cubic cr1'str -
that is, if the next identical lines were only the distance a away-lhe number L'.:: t

would be changed to l/3. In other words, if the next lines were at the dista::: .

they would contribute only -0.050 unit to our sum. However, the next:#-
chain we are considering is at the distance 2a and, as you remember from Chap::- -

the field from a periodic structure dies off exponentially with distance. The:.'. '":

these lines contribute much less than -0.050 and we can just ignore all the -:r.r
chains.

It is necessary now to find out what polarizability a is needed to ma':= liur:

runaway process work. Suppose that the induced moment p of each atom --' ,:lll

chain is proportional to the field on it, as in Eq. (11.6). We get the polarizir: : I 
'.

on the atom from E"b"i., using Eq. (11.32). So we have the two equations

P : a1oE.6ti,'

and

,.. - 0.383 P.lchrrn _ 
6J e0

There are two solutions: E andp both zero, or

a3o : 0i83'

with E andp both finite. Thus if a is as large as as /0.383, a permanent P.- --
sustained by its own field will set in. This critical equality must be r.r-":'-
barium titanate at just the temperattte T,. (Notice that if d were latqe: "-:
critical value for small fields, it would decrease atTarget fields and at i-.-
the same equality we have found would hold.)

For BaTiO3, the spacing a is 2 X 10-8 cm, so we must expe;: ::-
21.8 X 10-2acm3. We can compare this with the known polariza'c: ::,
individual atoms. For oxygen, a : 30.2 X 10-21 cm3; we're on th:: --1

But for titanium, a : 2.4 X 10-24 cm3;rather small. To use our mLrr: '
probably take the average. (We could work out the chain again ic- ;
1 1-10

(11.--:
(o)

- p 2 (. , 2 , 2 
,Echcin : 4"e" a" '\' - B-T n -
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